We study the superconductivity of spin-polarized electrons in centrosymmetric ferromagnetic metals. Due to the spin-polarization and the Fermi statistics, the superconducting state naturally has odd parity. Here, we derive generalized parity formulae for the topological invariants measuring higher-order topology of superconductors. Based on this, we classify all possible ways of inducing higher-order topological superconductivity protected by inversion symmetry in ferromagnetic metals. Among them, doped ferromagnetic nodal semimetals are identified as the most promising platform for higher-order topological superconductivity. In two dimensions, we show that an odd parity pairing of doped Dirac semimetals induces a second-order topological superconductor. In three dimensions, an odd parity pairing of doped nodal line semimetals generates a nodal line topological superconductor with monopole charges. On the other hand, an odd parity pairing of doped monopole nodal line semimetals induces a three-dimensional third-order topological superconductor. Our theory shows that the combination of superconductivity and ferromagnetic nodal semimetals provides a promising venue for realizing higher-order topological superconductivity.
Introduction.-Topological superconductors (TSCs) have received great attention due to their potential use for topological quantum computations [1] . The key ingredient for quantum computation is the Majorana zero mode (MZM). Up to now, many intriguing platforms have been proposed to get MZMs including the domain wall of one-dimensional (1D) TSCs and the defects of two-dimensional (2D) or threedimensional (3D) TSCs [2, 3] . Since MZMs exhibit a nonabelian braiding statistics, their brading can be used to realize a unitary quantum gate [4, 5] . Also, the topological stability of MZMs allows the fault-tolerant quantum computation.
Recently, higher-order topological superconductors are proposed as a new system exhibiting MZMs [6] [7] [8] [9] [10] [11] . In general, kth-order topological superconductors in d-dimensions host (d − k)-dimensional boundary Majorana states. Among the higher-order TSCs, dth-order TSCs in d dimensions are of particular interest for topological quantum computations, because they host MZMs localized at corners. The MZMs of 2D second-order TSCs can be regarded as the zero modes localized at domain walls of 1D boundary TSC while those of 3D third-order TSCs can be considered as defect states of 2D surface TSC. MZMs in higher-order TSCs are stable because they are protected by the 2D or 3D bulk band topology and their locations are tunable by deforming the shape of the boundary.
Up to now, several interesting ideas are proposed to realize 2D second-order TSCs such as using the superconducting proximity effect on quantum Hall insulators [12] , quantum spin Hall insulators [10, 13, 14] , second-order TSCs [15] , and Rashba semiconductors [16] ; applying external magnetic field [6, [17] [18] [19] [20] or attaching antiferromagnets [21] to TSCs with helical Majorana edge states; and some other proposals [10, 19, 22, 23] . In 3D, on the other hand, there are only few mechanisms for obtaining a third-order TSC proposed up to now. One way of generating a 3D third-order TSC is to apply magnetic field to a 3D second-order TSC with helical hinge modes [6] .
In this Letter, we propose doped ferromagnetic nodal semimetals with inversion symmetry as a promising platform for realizing higher-order TSCs in general dimensions. Spinpolarized electrons in ferromagnetic metals form spin-triplet pairing. Usually, spin-triplet pairing in normal metals leads to nodal superconductors, which can be easily understood by using the parity formula for odd-parity pairing, developed in Refs. [24, 25] . Here, we extend this parity formula to find the topological invariants for higher-order TSCs. Based on this generalized parity formula, we classify all possible ways to obtain higher-order TSC in spin-polarized bands of centrosymmetric ferromagnets. From this analysis, we find ferromagnetic nodal semimetals as the best normal states to realize higher-order TSC. Explicitly, in 2D, an odd parity pairing of doped Dirac semimetals induces a 2D second-order TSC. In 3D, an odd parity pairing of a doped nodal line semimetal generates a nodal line superconductor with monopole charges. On the other hand, in the case of doped monopole nodal line semimetals, an odd parity pairing induces a 3D thirdorder TSC. There are several systems in which the coexistence of ferromagnetism and superconductivity is reported such as 3 He [26, 27] , uranium-based materials [28] [29] [30] [31] [32] , and also twisted double bilayer graphene [33] [34] [35] . Making heterostructures composed of a superconductor and a ferromagnetic nodal semimetal can also be another way to realize our idea. We believe that the combination of superconductivity and nodal semimetals of spin-polarized systems can be a promising candidate to realize higher-order TSCs.
Symmetry and nodal structures.-Let us first clarify the symmetry of the normal and superconducting states of ferromagnetic metals with inversion symmetry P 0 , and classify the relevant nodal structures. We assume that an electron's spin is polarized along the z-direction. Also, we neglect spin-orbit coupling but its influence is discussed later. In this setting, although time reversal symmetry T = iσ y K is broken, the ferromagnetic metallic state is symmetric under the effective time reversal T ≡ e iπσy/2 T = K defined as the product of T and a 180
• spin rotation around the y axis, e iπσy/2 . Here P 0 = P * 0 because [P 0 , T ] = 0. Then, the system is invariant, locally at each momentum k, under P 0 T symmetry satisfying (P 0 T ) 2 = 1. Such a P 0 T symmetric system belongs to the k-local symmetry class AI+I proposed by Bzdusek and Sigrist [36] , where the 1D and 2D topology are classified by Z 2 invariants [36, 37] . Here the 1D Z 2 invariant is the quantized Berry phase, which is the topological charge of 2D Dirac points and also 3D nodal lines. The 2D Z 2 invariant indicates the monopole charge of 3D nodal lines.
To describe the superconducting state, we introduce the
T and write the corresponding Bogoliubov-de Gennes (BdG) Hamiltonian asĤ = Ψ † H BdGΨ , where
Here, h(k) indicates the Hamiltonian for the normal state, and the pairing function ∆ αβ (k) with orbital indices α, β satisfies ∆ αβ (k) = −∆ βα (−k) because of the Fermi statistics of electrons. Since the pairing function forms an irreducible representation of the symmetry group, it may have either an odd parity P 0 ∆(k)P
In a weak-pairing limit, we can focus on the pairing at the Fermi level. Then, the Fermi statistics naturally shows that an odd-parity pairing function satisfies
because ∆ is a 1 × 1 matrix. The corresponding BdG Hamiltonian is symmetric under the inversion operator
which anticommutes with the particle-hole symmetry C = τ x K, where τ x,y,z are Pauli matrices for the Nambu space. P T and CP symmetries satisfying (P T ) 2 = 1 and (CP ) 2 = −1 show that the BdG Hamiltonian belongs to the k-local symmetry class CI+I [36] . In this class, 2D Dirac points or 3D nodal lines can also be protected as in the case of the class AI+I. The only difference is that the 1D invariant is integervalued in the class CI+I, but this is irrelevant in our analysis below because we are only interested in the parity of the 1D invariant that can be related to the eigenvalues of P .
Nodal structure of TSC and parity formula.-According to Eq. (2), an odd-parity pairing function ∆(k) changes its sign on the Fermi surfaces surrounding a TRIM so that an even number of nodes should appear at the points where the sign of ∆(k) changes. The number of nodal points can be related with the inversion parities of occupied bands using the idea proposed in Refs. [24, 25] as follows. Let us consider a two-dimensional system. The parity of the number of Dirac nodes in the Brillouin zone can be counted by the invariant
is the number of occupied states with negative parity at K. ν 1 can also be understood as the number of band inversions at TRIM that create Dirac point pairs, starting from the trivial phase with only even-parity occupied states.
One can define a similar parity index ν
BdG 1
for the BdG Hamiltonian as
where
is the number of occupied (unoccupied) states with ± parity in the normal state, n u = n u + + n u − , and n BdG;o(u) ± is defined similarly for the BdG Hamiltonian with an odd-parity pairing function. The second line in Eq. (4) results from the odd-parity pairing, and the third line follows
mod 2 which states the summation of the occupied and unoccupied bands spans the whole bands of the normal state. Equation (4) shows that ν Generalized parity formula for higher-order TSC.-To derive the condition for higher-order topological superconductivity of spin-polarized electrons, let us first introduce generalized parity formulae. The Dirac Hamiltonian formalism for inversion-protected higher-order topological phases [6, 39] shows that a higher-order TI can be generated by an inversion of 2 n bands at a TRIM, starting from a topologically trivial phase. Here n denotes a nonnegative integer. Therefore, counting the number of the simultaneous inversion of 2 n bands at TRIM leads to the following Z 2 index,
where [m + a] floor = m for an integer m and 0 ≤ a < 1. One can also introduce a similar index ν BdG 2 n for the BdG Hamiltonian.
Let us first discuss the physical meaning of ν BdG 2 in 2D. Recently, it was shown that ν 2 = 1 indicates the third-order topology of a P T -symmetric topological insulator characterized by fractional corner charges on the boundary [39] [40] [41] . A straightforward extension of this idea shows that ν can be decomposed as
The detailed derivation is in Supplemental Material [42] . In Eq. (6), the first term counts the parity of the number of "double Fermi surfaces", that is, two electron-like Fermi surfaces at the same TRIM, in the normal state. The second term is ν 1 for the occupied bands in the normal state and the third term is ν 2 when all bands are occupied in the normal state. Finally, the last term counts the number of TRIM with an odd number of Fermi surfaces and an odd number of negative parity eigenvalues. Figures 1(a,b,c) and 2 show four different ways to obtain ν BdG 2 = 1, arising from the nontrivial value of the first, second, third, and fourth terms in Eq. (6), respectively.
In systems with an inversion-symmetric unit cell, the third and fourth terms in Eq. (6) can be neglected due to the following reason. First, let us note that an inversion-symmetric unit cell gives a topologically trivial state when all bands are occupied, i.e., ν 2 and the Berry phase are zero. Hence
The fourth way to obtain the higher-order topological superconductivity (TSC) in spin-polarized metals. The whole bands, including both occupied and unoccupied bands, should have a nontrivial Berry phase. Here, the ± sign on the top (bottom) row at each TRIM represents the parity of the unoccupied (occupied) states. On each row, the parities are marked from the left to the right in the decreasing order of the absolute value of the energy. The shaded regions are occupied in the normal state and their boundaries show the relevant Fermi surface.
third term is zero. Second, we note that the fourth term (6) is nonzero modulo 2 only when the Berry phase of the whole bands is nontrivial. To see this, let us note that n − (K) = 1 at an even number of TRIM since
= 0 mod 2 because we consider only fully gapped superconducting states. Thus, we need n − (K) = 1 only at two TRIM to have K u u (K)n − (K) = 1 mod 2. In this case, however, there exists a direction along which n − (K 1 ) + n − (K 2 ) = 1 mod 2, indicating that the Berry phase is π along the K 1 −K 2 direction [43, 44] . Therefore the fourth term in Eq. (6) should be zero in systems with an inversion-symmetric unit cell.
Then, there remain two different channels leading to ν BdG 2 = 1: one is an odd-parity pairing in a metal with double Fermi surfaces and the other is an odd-parity pairing in a doped Dirac semimetal, whose nontrivial band topology arises from the first and second terms in Eq. (6), respectively. In general, the former induces nodal superconductivity rather than a fully gapped TSC. This is because each of the two Fermi surfaces in the normal state is inversion symmetric so that an odd-parity pairing function accompanies the sign reversal at two points on the Fermi surface, generating Dirac nodes [ Fig. 3(a) ]. A strong pairing is required for a pair annihilation of Dirac nodes to get the full gapped superconducting state, unless the system is fine-tuned so that the two Fermi surfaces are very close to each other. On the other hand, even a weak pairing generates a fully gapped superconducting state in doped Dirac semimetals because two disconnected Fermi surfaces are paired in this case as shown in Fig. 3(b) .
3D higher-order TSC and further generalization.-In 3D, ν 1 = 1 indicates an odd number of nodal lines [38] and ν 2 = 1 indicates an odd number of pairs of monopole nodal lines in the Brillouin zone [45, 46] . Similarly, ν 
= 1)
indicates a superconductor with an odd number of nodal lines (monopole nodal line pairs). In particular, the superconductor with a monopole nodal line pair exhibits the second-order topological property and carries anomalous hinge Majorana states [40] . Similar to 2D cases, the most promising way to = 1 is the process with a nontrival second term in Eq. (6), which corresponds to doping a nodal line semimetal with spin polarization. The third term in Eq. (6) always vanishes when the whole bands are fully considered. Also the fourth term vanishes if we take an inversion-symmetric unit cell as in 2D. In the case of the first term, it may be relevant in a strong pairing limit. A double Fermi surface normally generates a nodal loop with the trivial monopole charge from each Fermi surface. When the pairing amplitude is sufficiently strong, however, the two trivial nodal lines may recombine and turn into two monopole nodal lines. We note that the same mechanism corresponding to the second term in Eq. (6) was also proposed by Bzdusek and Sigrist [36] for systems with SU(2) spin rotation symmetry.
The above formulation can be generalized further to ν BdG 2 n with an arbitrary n:
where the definition of δ 2 n (K) is given in Supplemental Material [42] . In particular, ν BdG 4 = 1 characterizes the thirdorder TSC in 3D [39, 42] . By the same reason discussed above, one can show that the best way to get a fully gapped superconductivity with ν = 1 is to use the process related with the second term in Eq. (7), which can be achieved by doping a monopole nodal line semimetal. To sum up, in systems with an inversion-symmetric unit cell, doping nodal semimetals is the best way to get a higher-order TSC in a weak-pairing limit.
Tight-binding models.-We demonstrate our theory by using simple tight-binding models defined on rectangular or orthorhombic lattices. We construct three models in which the normal states are a Dirac semimetal in 2D, a nodal line semimetal in 3D, and a monopole nodal line semimetal in 3D, respectively. We show that, when an odd-parity superconducting pairing is introduced, the three nodal semimetals turn into a second-order TSC in 2D, a monopole nodal line superconductor in 3D, and a third-order TSC in 3D, respectively.
First, let us consider a 2D Dirac semimetal described by the Hamiltonian
where σ y,z are the Pauli matrices for the orbital degrees of freedom with ↑ (↓) indicating a s (p x ) orbital. µ = (µ s + µ px )/2, M = (µ s − µ px )/2, and t ss = t pp = t spx = t. The Hamiltonian is symmetric under P = σ z ,
indicates a mirror operator that flips the sign of the i-th coordinate. The energy eigenvalues are
two Dirac points on the k x = 0 line when 0 < M < 4 at the energy E = −µ.
To induce superconductivity, we consider the following interaction term
where U indicates the on-site interorbital interaction and V denotes the intraorbital interaction between nearest-neighbor sites. We treat H int with the mean field approximation. The odd-parity pairing terms can be organized in terms of the irreducible representations of the C 2h symmetry as
where B 2u has parity (+, −, +) under (M x , M y , M z ), and B 3u has parity (−, +, +) under (M x , M y , M z ). The B 2u pairing fully opens the gap. On the other hand, the B 3u pairing generates four nodes because it changes the sign as the sign k x is changed, such that each Fermi surface generates two nodes. Accordingly, we consider the BdG Hamiltonian with the B 2u pairing, which is energetically favorable, shown below.
where τ i=x,y,z are the Pauli matrices for the Nambu space, and ∆ 1,2 = ∆ Fig. 4(a,b) show two zero modes localized at the corners.
Similalry, we can construct the Hamiltonian for a 3D nodal line semimetal as which can be considered as a vertical stacking of 2D Dirac semimetals with an additonal hopping along the z direction. The energy eigenvalues are E(k) = −µ ± 4t 2 sin 2 k x + M 2 k , where M k = M +2t cos k x +2t cos k y + 2t cos k z . A single nodal loop surrounding the Γ point appears in the k x = 0 plane at the energy E = −µ when −6 < M/t < −2. When |µ| is smaller than the bandwidth, the Fermi surface is torus-shaped. For simplicity, we consider only one odd-parity pairing ∆ sin k y τ y and the relevant the BdG Hamiltonian is
The spectrum of the BdG Hamiltonian is gapless at k y = 0 on the torus Fermi surface due to the sign change of the pairing term. The nodal structure can be seen explicitly from the energy eigenvalues of the BdG Hamiltonian given by
We take t = 1, M = −4, µ = 0.2 for numerical calculations. Fig. 4(d) shows the corresponding Fermi surface of a torus shape and the location of nodes. Interestingly, the two nodal loops at k y = 0 are linked with the nodal loop of the normal state, which appears as the crossing between the occupied bands of the BdG Hamiltonian. This linking structure indicates that the zero-energy nodes carry nontrivial monopole charges [45] . To see the higher-order topology of this phase, we consider the open boundary condition with 20 × 20 unit cells along x and y and the periodic boundary condition along the z direction. The spectrum shown in Fig. 4(c) reveals zero modes in a finite range of k z , which is inside the nodal loop of the normal state, and they originate from the nontrivial second Stiefel-Whitney number in the range of k z .
Finally, let us consider the odd-parity superconductivity of a doped monopole nodal line semimetal. The Hamiltonian for the normal state is
where ρ and σ are Pauli matrices. Its energy eigenvalues are
, where M k = M + 2t cos k x + 2t cos k y + 2t cos k z . When m 1 = m 2 = 0 and −6 < M/t < −2, this Hamiltonian describes two Dirac points, which correspond to a particular limit of a monopole nodal line shrunken to a point. Nonzero m 1 and m 2 make the monopole nodal lines to have a finite size. Adding superconducting pairing, we have
where Fig. 4 (e,f) shows the presence of zero modes localized at two corners.
Discussions.-Let us first discuss the effects of the inversion asymmetry of the unit cell and the strong superconducting pairing. The 2D Dirac semimetal described by the nearestneighbor tight-binding model on the Kagome lattice is an example where the unit cell is inversion asymmetric. In this system, we find that an odd-parity pairing does not induce second-order topological superconductivity. This is because, in this system, the whole three bands are topologically nontrivial (i.e., ν 2 = 1 when the three bands are all occupied) even in the normal state, so that the sum of the second and third terms in Eq. (6) is zero modulo two [42] . When we consider a strong pairing, one may find additional ways to get higher-order topological superconductivity other than doping nodal semimetals. However, in a strong pairing limit, the oddparity pairing competes with the even parity pairing, since the Fermi statistics of electrons does not forbid a strong even parity pairing that mixes different orbitals. More careful analysis should be performed to clarify the nature of the superconducting ground state. Now, let us discuss the effect of spin-orbit coupling. When spin-orbit coupling is included, the effective time reversal symmetry is broken because the spin of itenerant electrons cannot be rotated freely independent of the orbital degrees of freedom. However, when spin-orbit coupling is weak, a gapped higher-order topological superconductivity can still survive as long as the parity configuration does not change due to spin orbit coupling. The topology can be protected by inversion symmetry only. On the other hand, in the case of the monopole nodal superconductor, its nodes are fully gapped when the effective time reversal symmetry is broken. However, the system still remains topological as long as the parity configuration does not change. In fact, the resulting gapped phase is the second-order TSC hosting chiral hinge states [6, 45, 47] .
In conclusion, we propose the nodal semimetals of spinpolarized systems, such as ferromagnets, as promising platforms for realizing higher-order topological superconductivity. We hope that our work stimulates the research on ferromagnetic semimetals with spin-polarized band crossing as a new avenue for higher-order topological superconductivity.
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